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Abstract
The theory of fractional calculus is attracting a lot of attention from
mathematicians as well as physicists. The fractional generalisation of the
well- known ordinary calculus is being used extensively in many fields, par-
ticularly in understanding stochastic process and fractal dynamics. In this
paper, we apply the techniques of fractional calculus to study some specific
modifications of the geometry of submanifolds. Our generalisation is applied
to extend the Israel formalism which is used to glue together two spacetimes
across a timelike, spacelike or a null hypersurface. In this context, we show
that the fractional extrapolation leads to some striking new results. More
precisely we demonstrate that, in contrast to the original Israel formalism,
where many spacetimes can only be joined together through an intermediate
thin hypersurface of matter satisfying some non- standard energy conditions,
the fractional generalisation allows these spacetimes to be smoothly sewed
together without any such requirements on the stress tensor of the matter
fields. We discuss the ramifications of these results for spacetime structure
and the possible implications for gravitational physics.
1 Introduction
The theory of fractional calculus has been considered a classical but obscure corner
of mathematics [1, 2, 3]. It remained, until a few decades, a field by mathemati-
cians, for mathematicians and of purely theoretical interest. Though it played a
crucial role in the development of Abel’s theory of integral equations and many
mathematicians like Liouville, Riemann, Heaviside and Hilbert took an active in-
terest in it, fractional calculus found limited applications and was referred to only
occasionally, to simplify complicated solutions. For example, this formalism has
been used quite often to simplify the solutions of both the diffusion as well as the
wave equation (for example, see [4], and [5]).
During the last few decades, however, this theory has found important applica-
tions for large number of practical real life situations. Indeed, fractional calculus
is providing excellent tools to develop models of polymers and materials [6, 7]. In
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particular, it has been found that to understand properties of various materials
which require long- range order to hold, fractional calculus provides a sound plat-
form [8]. Fractional calculus have also been found to naturally incorporate some
subtle effects in the dynamics of fluids, and these have found important appli-
cations in understanding mechanical, chemical and electrical properties of nano-
fluids. However, possibly the most prominent application of these derivatives of
non- integer order has been in the theory of fractals [9]. It has been found that for
many stochastic processes, the phenomena progresses through increments which
are not independent, but instead tend to retain some memory of previous incre-
ment, though not necessarily the immediately previous increment [9, 10, 12, 11, 13].
In other words, these are random processes with long term memory. The theory of
fractional Brownian motion, which provides a very natural explanation for these ef-
fects, incorporates these persistence effects (or anti- persistence effects) though the
fractional modification of the usual Brownian formula relating displacement and
time [14]. It has now been understood that statistically speaking, all the naturally
occurring signals are of the Weierstrass type, i.e continuous but non- differentiable
[9, 15] (here differentiation is in the sense of the usual calculus) and indeed, such
Weierstrass- like functions arise even in many quantum mechanical situations. For
example, it has been shown that many quantum mechanical problems involving
discontinuous potentials possesses energy spectrum of the Weierstrass type [16].
Furthermore, the Feynman paths in the path integral formulation of quantum me-
chanics are also examples of these kind [17]. However, the most significant discovery
has been that, though the naturally occuring functions are of the Weierstrass type
and are endowed with a fractal dimension, they are fractionally differentiable and
that the maximal order of differentiability is related to the box- dimension of the
function [18, 19]. Thus, fractional calculus has been highly advantageous in mod-
elling dynamical processes in self- similar systems and for analysing processes which
generate chaotic signals and are apparently irregular.
In this paper, we apply the techniques of fractional calculus to general relativity.
As is well known, the issue of final state of gravitational collapse is a long stand-
ing open question in general relativity. The appearance of spacetime singularity
reveals the domain of failure of the classical theory of general relativity [20]. Quite
naturally, it is assumed that general relativity must be corrected to eliminate these
failures. Both the string theories and effective field theories necessitate that one
must add terms involving higher order as well as higher derivatives in the Riemann
tensor to incorporate the effects of physics at small scales. It is a general hope
that these higher order corrections will certainly get rid of the singularities [21].
However, in absence of any comprehensive proof of these expectations, we propose
to look at another alternative which may present itself at the small scales. As
we shall see in the subsequent sections, fractional calculus, in any of it’s possible
alternative forms, define differentiation through an integration. Hence, it naturally
incorporates non- local spacetime correlations and long- range interactions, which
are expected to be natural at high energy scales, into account. Thus, many subtle
non- local effects may manifest itself if one replaces the ordinary differentiation
by it’s fractional counterpart. One may immediately ask as to where should one
look for such non- local terms to arise physically and envisage the regions of strong
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gravity where the classical theory of general relativity is known to require mod-
ifications1. An obvious candidate for the strong gravity regime is the black hole
region since black holes are created due to gravitational collapse of matter fields
in an intense gravitational field. There are two regions of the black hole spacetime
which are ideally suited for the fractional effects to manifest itself. First is the hori-
zon, which for small mass black holes are regions of intense gravitional field and
second, near the singularity where the effects of strong gravity, though invisible to
the asymptotic observer, are most spectacular. In either of these two situations,
possibilities of long range order have quite interesting repercussions on modelling
of spacetime.
Let us first discuss the region near the horizon. The black hole horizon, here
taken to be an event horizon, is a null expansion- free hypersurface which lies in the
region adjoining two spacetimes. So, the horizon may be thought of as a null hy-
persurface which glues the two spacetimes. Naturally, the joining of two spacetimes
through the hypersurface requires that some conditions on the spacetime variables
be satisfied on the hypersurface. The Israel- Darmois- Lanczos (IDL) junction con-
dition demands that the metric on either side of the horizon, when pulled back to
the hypersurface, must be continuous [25]. In contrast, the extrinsic curvature of
the horizon is not required to be continuous. In fact, consistency requires that the
Riemann tensor and hence the extrinsic cuvature on the hypersurface admit delta
function singularities. Using the Einstein equations, the Ricci part of this singular-
ity is related to the stress tensor. Thus, the IDL condition only requires that the
difference of the extrinsic curvatures of the hypersurface as embedded in these two
spacetimes, must be proportional to the stress- energy tensor living on the hori-
zon. In other words, due to the geometry itself, the hypersurface comes naturally
equipped with a energy- momentum tensor. These junction conditions on the hori-
zon has given rise to speculations of constructing a singularity free spacetimes, and
in particular, non- singular black hole interiors, in the following way [22, 23]: Take
the exterior of the Schwarzschild horizon as the future spacetime region and the
interior to de- Sitter horizon as the past spacetime region. The boundary between
these two regions, the common hypersurface to these two regions, will be a thin
null hypersurface endowed with some specific energy- momentum tensor derived
from the IDL matching conditions. Thus, one may have well defined matching
conditions to create a singularity free universe, with the exterior a Schwarzschild
spacetime while the interior being a de- Sitter spacetime. However, in most of the
cases, the matching conditions leads to energy- momentum tensors which violate
some of the well known energy conditions. In [23], there have been attempts at
constructing a singularity free universe by adjoining the de- Sitter interior with the
inner horizon of a Reissner- Nordstrom black hole with a particular values of charge
and mass. In this particular case, the matching is smooth, with no requirement
of any energy momentum tensor. In general situations, these matchings are not
smooth and require energy condition violating energy- momentum tensors on the
matching hypersurface.
1Most of these terms contribute non- local effects into the Green’s function. It should not
be surprising if many of the effects of the fractional generalisation arise naturally in the string
theories or any other quantum theory.
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The second point is related to the another such attempt where, the de- Sitter
spacetime is glued to the Schwarzschild interior though a spacelike hypersurface.
This attempt was made by [24], in their famous proposal of limiting curvature. They
devised a model in which the Schwarzschild metric inside the black hole region is
matched to a de- Sitter one at some spacelike junction surface which represent
a thin transition layer. As a requirement of their proposal, this layer is placed
at a region very close to the singularity where the curvature reaches it’s limiting
value. However again, for general singularity free matchings of the above kind, the
junction layers admit energy momentum tensors which violate energy conditions.
In particular, the effective stress- energy tensor of the model [24] violates the weak
energy condition. In fact, in almost all similar attempts of creating singularity free
models like that of [24], have energy condition violations. These kind of violations
are actually characteristic of quantum effects which become important in strong
gravitational field.
As a remedy to these energy condition violations, we argue in this paper that
the notion of fractional derivatives offers a possibility of creating singularity free
universe through smooth matching of spacetimes. More precisely, we demonstrate
the following: First, that the IDL junction conditions both for timelike/spacelike
as well as for null hypersurfaces are modified due to the fractional generalisation
of the spacetime connection. This fractional generalisation of the IDL conditions
will in turn modify the energy-momentum tensor on the hypersurface2. Secondly,
using specific examples, we show that this generalisation allows us to fix the con-
ditions on the junction shell in such a way that the Schwarzschild or the Reissner-
Nordstrom spacetimes can always be smoothly matched to the de- Sitter spacetime
in the interior without any energy condition violating requirement on the energy-
momentum tensors of the adjoining shell.
The paper is organised as follows: In the next section, section 2, we briefly
discuss the mathematical formalism of fractional calculus and the relevant nota-
tions. In sections 3 and 4, we introduce the notations for timelike/spacelike and
null hypersurfaces and discuss the generalisations of the IDL junction conditions
for fractional exponents. We also argue that these generalised junction conditions
leads to smooth joining of spacetimes, which otherwise are known to be joined
only through a thin shell of matter. The implications of these are discussed in the
Discussion section.
2 Mathematical preliminaries
Let us discuss some notations useful for the mathematical formulation of geometry
of hypersurfaces. Let us consider a 4 dimensional spacetime (M, g) with signature
(−,+,+,+). Let a hypersurface ∆ be embedded inM and is given by f : ∆→M.
We shall assume that the embedding relation is such that the restriction of f to
2The fractional generalisation developed in this paper assumes that fractal like structures are
present at very high energy scales, just as they are present at low energy scales. There is no
experimental basis for such assumptions. However, this assumption leads to some interesting
consequesnces as developed in this paper.
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the image of ∆ is C∞. Let, {xµ} be a local coordinate chart on M and {ya} be
a local coordinate chart on ∆. The embedding relation implies xµ = xµ(ya). Let,
gµν be the metric on the spacetime in terms of it’s local coordinates. The first
fundamental form or the induced metric on ∆ is the pull back of the metric g
under the map f . In the local coordinates this can be written as hab.
hab ≡ g(∂a, ∂b) = ∂x
µ
∂ya
∂xν
∂yb
g(∂µ, ∂ν) = e
µ
ae
ν
b gµν , (1)
where, (∂xµ/∂ya) = eµa and we have used that e
µ
a ∂µ is the push forward of the
purely tangential vector field ∂a onto the full spacetime M. One may define a
linear connection and hence a derivative operator on the spacetime. Let, TM
denote the tangent bundle on M and let, X and Y are two arbitrary vector fields
on it. The covariant derivative is a linear map
∇ : TM⊗ TM→ TM (2)
(X, Y )→ ∇XY. (3)
The Riemannian theory assumes the covariant derivative to be metric compatible,
∇Z g(X, Y ) = g (∇ZX, Y ) + g (X,∇ZY ). On the tangent bundle one may also
define a covariant derivative (D) on ∆ using the Gauss decomposition formula:
For X, Y ∈ ∆,
D : T∆⊗ T∆→ T∆ (4)
∇XY = DXY +K(X, Y ). (5)
DXY is purely tangential and K(X, Y ) is an element of the normal bundle and
refereed to as the extrinsic curvature. The Gauss equation also implies along with
that metric compatibility of ∇ with g that the derivative operator Da is metric
compatibile with the metric on the hypersurface hab (i.e. Dahbc = 0). In terms of
the local coordinate charts, the Gauss equation gives the following expression for
the derivative operator (for X ≡ ∂a):
DaYb = e
µ
a e
ν
b ∇µYν . (6)
The extrinsic curvature can also be defined for the hypersurface in terms of the
local coordinates. The normal bundle for the hypersurface is one dimensional. Let,
nµ be the normal. The extrinsic curvature is
Kab = e
µ
a e
ν
b ∇µnν = (1/2) (£ngµν) eµa eνb . (7)
For our later use, let us give the Gauss equation in terms of the local coordinates:
Rµνλσ e
µ
a e
ν
b e
λ
c e
σ
d = Rabcd − (KadKbc −KacKbd) . (8)
The Codazzi equation in local coordinates is given by:
Rµνλσ n
µ eνb e
λ
c e
σ
d = Kab|c −Kac|b, (9)
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where | denotes the covariant derivative with respect to the coordinates on the
hypersurface.
Several of these spacetime functions have different values on either sides of a
hypersurface. Then, it is required to express their continuity across the hypersur-
face. A useful and prominent example of this idea is that of the Israel- Darmois-
Lanczos (IDL) junction condition [25]. Consider a hypersurface ∆ which partitions
the spacetime into two regions (M+, g+) with coordinates {xµ+} and (M−, g−) with
coordinates {xµ−}. The spacetime M+ is assumed to be to the future of the space-
time M−. Quite naturally, it is not generally true that the metrics on these two
spacetimes could be continuously matched across the hypersurface ∆ (The either
side of the hypersurface ∆ has been installed with coordinates {ya}). The disconti-
nuity in the metric would be reflected in the fact that Riemann tensor would have
a delta- function singularity on the hypersurface. The Israel junction conditions
provides a method to smoothly match these hypersurfaces by using the following
trick: relate the Ricci part of the singular Riemann curvature tensor to the surface
stress- tensor using the Einstein equations. For spacelike hypersurfaces, the Israel
junction conditions for a smooth joining of hypersurfaces at ∆ is given by
[hab] = 0 = [Kab] (10)
where [A] ≡ A(M+)|∆ − A(M−)|∆. However, if the extrinsic curvature is not
identical on both the sides on the hypersurface ∆, the surface stress tensor (Sab)
on the hypersurface is
8pi Sab = [Kab]− [K]hab. (11)
However, on the null surface, the standard extrinsic curvature corresponding the
normal of the hypersurface (which is also the tangent to null hypersurface) is always
continuous and hence, one needs to define a transverse curvature [25]. The metric
induced on the null hypersurface is again continuous but the discontinuities in the
components of the transverse curvature is related to the energy- momentum tensor
induced on the this hypersurface.
In deriving the above relations, we have implicitly made two crucial assumtions:
First, that the point functions are continuous and differentiable in the region un-
der consideration. However, it may happen the scalar, vector or the tensor func-
tions are only fractionally differentiable. In that case, the limiting values defined
by our ordinary differential calculus become singular on the hypersurface. Thus,
in addition to the IDL conditions, their fractional character must also be taken
into account. Secondly, the spacetime connection is assumed to be a Levi- Civita
connection. This arises since the spacetime is assumed to be a Riemannian space-
time and hence, the spacetime metric is compatible with the covariant derivative
(∇γ gαβ=0). The Gauss decomposition, eqn.(4), then imples that the connection on
the hypersurface is also a Levi- Civita connection and that the extrinsic curvature
is uniquely detremined in terms of this connection. However, it may happen that
in the strong gravity regime we are interested in, the spacetime is slightly modified
from it’s Riemannian character and that the connection is not Levi- Civita con-
nection derived from the metric. Quite naturally, in such a situation, the Gauss
decomposition implies that the connection on the hypersurface will also be modified
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and the expression of the extrinsic curvature will also change.3
In [26], a fractional generalisation of the Lie derivative has been proposed and
utilised to generalise the definition of the extrinsic curvature for non- null hyper-
surfaces. In this fractional generalisation, which is based on Caputo’s modification
of the Riemann- Liouville definition of fractional derivative (see the appendix), the
usual definition of the extrinsic curvature Kab = (1/2)(£ngαβ) e
α
ae
β
b is modified to
give:
qKab =
1
2
(q£ngαβ) e
α
a e
β
b
=
1
2
[
nγ Dqr−∆,γ gαβ + gγβDqr−∆,rnγ + gαγDqr−∆,rnγ
]
eαa e
β
b . (12)
Here, the superscript q denotes the fractional parameter, 0 < q ≤ 1 (see the
appendix) and Dqr−∆,r denotes the derivative:
Dqr−∆,r(gαβ) =
Γ(2− q)
Γ(1− q) ∆1−q
∫ r
r−∆
∂gαβ(w)
∂w
(r − w)−qdw, (13)
where the integration is carried out from a spacepoint r−∆ to r. In the context of
matching of spacetimes across hypersurface, ∆ is taken to be the thickness of the
hypersurface. The junction conditions will be modified from eqn. (11) to
8pi qSab = [
qKab]− [qK]hab. (14)
Naturally, because of the definition of the derivative, it has a non- local character
imbedded into it. In the following sections, we shall utilize this generalisation of
the definition of extrinsic curvature to modify the junction conditions for space-
like/timelike as well as null hypersurfaces. Additionally, we shall show that the
junction conditions lead to a smooth matching of hypersurfaces.
3 Junction conditions for non- null hypersurfaces
Let us consider a non- null hypersurface ∆. As discussed previously, the junction
condition for the smooth joining of spacetimes along a timelike or spacelike hyper-
surface ∆ is given by the following two conditions: [hab] = 0 and [Kab] = 0. On the
other hand, for joining spacetimes which contribute non- equal extrinsic curvatures
on the hypersurface, a thin layer of matter is assumed to exist on the hypersurface
with stress tensor Sab = (/8pi)([Kab]−Khab). The quantity  = n ·n, distinguishes
spacelike hypersurfaces ( = −1) from timelike ones ( = −1).
As described in the previous subsection, the junction conditions differ if the
fractional derivatives are used. For the non- null hypersurface, we elaborate on
this method through two explicit examples. In the first example, we give a detail
step by step calculation showing the matching of a slowly rotating Kerr metric
3In the appendix 6.3, we have developed a non- Levi-Civita connection based on a notion
of fractional derivative and have shown to lead to modification of the tensor functions and the
Einstein equations.
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to a Minkowski metric on a timelike hypersurface. We show that depending on
the width of the shell, the energy momentum tensor of the shell changes. We
utilize this observation in the second example, which deals with matching of a
Schwarzschild spacetime with a de- Sitter spacetime on a spacelike hypersurface.
Again the energy- momentum tensor residing on the thin shell differs substantially
from the standard results.
3.1 Joining Minkowski and slowly rotating Kerr metrics
Let us consider the metric of a Kerr spacetime in the slow- rotation approximation.
We shall assume a shell of mass M and angular momentum J in the spacetime.
The exterior spacetime (M+) has the following metric:
ds2 = −f(r) dt2 + f−1(r) dr2 + r2 dΩ2 − 4Ma
r
sin2 θ dt dφ, (15)
where f(r) = (1 − 2M/r) and a = (J/M)  M , is a parameter for the angular
momentum which is usually used to replace the shell’s angular momentum J . Let
us assume that the shell is located at r = R0. The induced metric on the shell
becomes:
ds2Σ = −f(R0) dt2 +R20 dΩ2 −
4Ma
R0
sin2 θ dt dφ. (16)
Using the definitions, ψ = (φ − ωt) with ω = (2Ma/r3), and keeping terms upto
first order of a, we get the induced metric to be
habdy
adyb = −f(r) dt2 +R20 (dθ2 + sin2 θ dψ2). (17)
We shall use ya = (t, θ, ψ) as the co-ordinates on the shell and the parametric
equations for the hypersurface in the form xα = xα(ya) are t = t, θ = θ andφ =
(ψ + ωt). The shell’s unit normal is nα = f(r)
−1/2 ∂αr, which in the coordinates is
given by:
nα =
(
0,
√
1− 2M/r, 0, 0
)
. (18)
Now let’s calculate the non vanishing components of extrinsic curvature. The
definition of transverse component of the fractional generalisation is:
qKab =
1
2
(q£ngαβ) e
α
a e
β
b
=
1
2
[
nγ Dqr−∆,γ gαβ + gγβDqr−∆,rnγ + gαγDqr−∆,rnγ
]
eαa e
β
b , (19)
where the projectors eαa s are e
α
t ∂α = (∂t + ω ∂φ), e
α
θ ∂α = ∂θ and e
α
φ ∂α = ∂φ.
Let us first determine qK+tt , where + denotes that the variable is associated
with the external spacetime. Note that since eαt ∂α = (∂t + ω∂φ), one get the only
contribution from qK+tt = (1/2)
q£n(g
+
tt ). The other contribution to
qK+tt from g
+
tφ
is neglected since g+tφ = −(2Ma sin2 θ/r), is directly proportional to a and further,
together with ω = (2Ma/r3) contributes an overall a2 term. Note that due to the
8
form of the normal vector, and the metric, only the first term in expansion in (19)
contributes. Using the expression for Dqr−∆,r(r−1) in the appendix, eqn. (92), we
get
qK+tt = −
M
R20
(
1− 2M
R0
)1/2 [
1 + 2
1− q
2− q
∆
R0
+ . . .
]
,
and hence, using the metric, one easily determines that
qK+tt =
M
R20
(
1− 2M
R0
)−1/2 [
1 + 2
1− q
2− q
∆
R0
+ . . .
]
. (20)
Similarly, one finds the contribution from qKtψ as follows:
qK+tψ = (1/2)
q£n(g
+
ab) e
a
t e
b
ψ = (1/2)
q£n(g
+
φt) + (ω/2)
q£n(g
+
φφ). (21)
Using Dqr−∆,r(r−1) in the appendix, eqn. (92), we get that
q£n(g
+
φt) = n
rDqr−∆,r(g+φt) =
2Ma sin2 θ
R20
(
1 + 2
1− q
2− q
∆
R0
+ . . .
)
. (22)
Again, using Dqr−∆,r(r2) in the appendix , eqn. (86), we get
q£n(g
+
φφ) = n
rDqr−∆,r(r2 sin2 θ)
= 2R0 sin
2 θ
(
1− 2M
R0
)1/2(
1− 1− q
2− q
∆
R0
+ . . .
)
. (23)
Putting ω = (2Ma/R30) in eqn. (21), and using equations (22) and (23), we get
qK+tψ =
3Ma sin2 θ
R20
(
1− 2M
R0
)1/2 [
1 +
1− q
3− q
(
∆
R0
)2
+ . . .
]
.
The expression naturally leads to the following expressions for extrinsic curvatures:
qK+tψ = g
tt
(
qK+tψ
)
=
−3Ma sin2 θ
R20
(
1− 2M
R0
)−1/2 [
1 +
1− q
3− q
(
∆
R0
)2
+ . . .
]
, (24)
qK+ψt = g
ψψ
(
qK+tψ
)
=
3Ma
R40
(
1− 2M
R0
)1/2 [
1 +
1− q
3− q
(
∆
R0
)2
+ . . .
]
.(25)
The angular components of the extrinsic curvatures are qK+θθ and
qK+ψψ and their
expressions may be found in exactly the same method and we get:
qK+θθ =
qK+ψψ =
1
R0
(
1− 2M
R0
)1/2(
1− 1− q
2− q
∆
R0
+ . . .
)
. (26)
For interior spacetime, we take it to be the flat Minkowski spacetime. So, to
the past of the hypersurface at r = R0, the spacetime M− is given by the metric
ds2 = −
(
1− 2M
R0
)
dt2 + dρ2 + ρ2dΩ2 (27)
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where ρ is a radial coordinate. The intrinsic metric on the hypersurface from the
interior matches with the induced metric from the exterior region. The normal to
the hypersurface is nα = (∂/∂ρ)α. The expressions for the extrinsic curvatures may
be determined and the only non- vanishing components are qKθθ and
qKφφ:
qK−θθ =
qK−ψψ =
1
R0
(
1− 1− q
2− q
∆
R0
+ ............
)
(28)
Let us now determine the stress- energy tensor of the thin shell of matter forming
the hypersurface joining the two spacetimes. The discontinuities in the extrinsic
curvatures are related to the shell’s surface stress-energy tensor Sab.
8piStt =
[
qKθθ
]
+
[
qKψψ
]
(29)
−8piStψ =
[
qKtψ
]
(30)
−8piSψt =
[
qKψt
]
(31)
8piSθθ =
[
qKtt
]
+
[
qKψψ
]
(32)
The shell’s matter may be assumed to be made of perfect fluid, with density σ =
−Stt , pressure p = Sθθ and rotating with angular velocity ω = −Stψ/(−Stt + Sψψ ).
The expressions for these components of the energy momentum tensor are:
Stψ =
3Ma sin2 θ
8piR20
(
1− 2M
r
)−1/2 [
1 +
1− q
3− q
(
∆
R0
)2
+ . . .
]
, (33)
Sψt =
−3Ma
8piR40
(
1− 2M
r
)1/2 [
1 +
1− q
3− q
( ∆
R0
)2
+ . . .
]
, (34)
Stt =
−1
4piR0
(
1−
√
1− 2M/R0
)[
1− 1− q
2− q
∆
R0
+ . . .
]
, (35)
Sθθ =
[
(1− 2M/R0)−1/2
8piR0
] [
1−M/R0 −
√
1− 2M/R0
]
−
[
(1− 2M/R0)−1/2
8piR0
]
[
1− 4M/R0 +
√
1− 2M/R0
] (1− q
2− q
)( ∆
R0
)
+ . . . . (36)
Sθθ = S
ψ
ψ . (37)
Quite naturally, all the expressions of the energy momentum tensor are modified
due to the improved notion of fractional differential. The modification takes the
thickness of the shell into account. One very interesting notion is the determination
of the angular velocity of the shell. The angular velocity is obtained from ω =
Stψ/(S
t
t − Sψψ ). This gives for R0  2M ,
ωshell =
3a
2R20
+
3a
2MR0
1− q
2− q
∆
R0
+ . . . . (38)
This expression given above for the angular velocity is different from that obtained
in the usual case [25] but reduces to it in the limit ∆/R0 → 0.
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r=2m
∆
i0
I
I−
+
r=0
r=0
r=
Figure 1: The Frolov, Markov and Mukhanov model in which the Schwarzschild
black hole has a de Sitter world in the interior. The spacelike hypersurface ∆
represents the matching hypersurface joining the two spacetimes. The I+, I− and
i0 represent the future null, past null and the spatial infinities.
3.2 Matching the Schwarzschild and the de-Sitter space-
times
The joining of exterior spacetime of the Schwarzschild black hole (taken as the
exterior spacetime) with the de- Sitter spacetime has been the subject of many
investigations, which were particularly directed to create singularity free models
of black hole interior. One particularly interesting application was considered by
Frolov, Markov and Mukhanov [24] to exemplify their limiting curvature hypothesis.
They suggested that inside the Schwarzschild black hole, very close to the singu-
larity, when the Planck scale is reached, there would be corrections to the Einstein
theory of gravity. These corrections would not allow the curvature of the space-
time to dynamically grow to infinite values. Instead, the effective curvature of the
spacetime would be bounded from below by `−2p , where `p is the Planck length. Nat-
urally, this hypothesis implies that there will be no curvature singularity. Instead,
the model in [24] proposes that very close to the spacetime singularity, where the
curvature reaches the `2p, the spacetime makes a transition from the Schwarzschild
to the de- Sitter spacetime by passing through a very thin transition layer . The
spacetime passes through a deflation stage and instead of singularity, reaches a new
inflating universe free of singularity. The matching of these two spacetimes require
stress- energy tensors on the joining shell which violate energy conditions.
In the following, we recalculate the stress- energy tensor on the matching shell
using the fractional calculus and show that the stress- tensor is modified. The
modified stress tensor will be shown to lead to smooth matching of the spacetimes.
Let us match the de-Sitter spacetime with the interior Schwarzschild spacetime.
The metric for the two spacetimes may be written in a combined form as:
ds2 = f(r) dv2 + 2dvdr + r2 dΩ2, (39)
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where f(r) = (2M/r − 1) for the Schwarzschild metric and the f(r) = [(r/l)2 − 1]
for the de-Sitter metric. For simplification, let us define a new set of coordinates:
v = λ/
√
f . The induced metric on the spacelike surface becomes ds2 = dλ2+r2dΩ2.
The normal to this surface is given by:
nα =
[
0,− 1√
f
, 0, 0
]
, (40)
and nα =
(
1/
√
f,
√
f, 0, 0
)
. The coordinates in the spacetime is taken to be xα =
(v, r, θ, φ) and that of the hypersurface to be ya = (λ, θ, φ). This implies that
eαq ∂α = (1/
√
f)(∂/∂v)α, eαθ ∂α = (∂/∂θ)
α and eαφ∂α = (∂/∂φ)
α.
Let us evaluate the extrinsic curvatures. The general expressions for these
quantities for either of these spacetimes are given by the following:
qKqq =
1
2
√
f
Dqr−∆,r(gvv), (41)
qKθθ = (
√
f/2)Dqr−∆,r(gθθ), (42)
qKφφ = (
√
f/2)Dqr−∆,r(gφφ). (43)
For the Schwarschild Metric, which is taken to be the interior spacetime, these
expressions are obtained using the equations (92) and (86) are:
qKq−q = −
M
R20
(
2M
R20
− 1
)−1/2 [
1 + 2
1− q
2− q
∆
R0
+ · · ·
]
, (44)
qKθ−θ =
qKφ−φ =
1
R0
(
2M
R0
− 1
)1/2 [
1− 1− q
2− q
∆
R0
+ · · ·
]
. (45)
For the de-Sitter metric, taken to be the external or the future spacetime, the
same expressions are given as, using (86) are :
qKq+q =
R0
l2
[(R0
l
)2
− 1
]−1/2 [
1− 1− q
2− q
∆
R0
+ · · ·
]
, (46)
qKθ+θ = =
qKφ+φ =
1
R0
[(r
l
)2
− 1
]1/2 [
1− 1− q
2− q
∆
R0
+ · · ·
]
. (47)
The jump in the components of the extrinsic curvatures are given by:
κ = [qKqq ] =
R0
l2
[(R0
l
)2
− 1
]−1/2 [
1− 1− q
2− q
∆
R0
+ · · ·
]
+
M
R20
(2M
R20
− 1
)−1/2[
1 + 2
1− q
2− q
∆
R0
+ · · ·
]
, (48)
λ = [qKθθ ] = −
1
R20
(
2M
R0
− 1
)1/2 [
1− 1− q
2− q
∆
R0
+ · · ·
]
+
1
R0
[(
R0
l
)2
− 1
]1/2 [
1− 1− q
2− q
∆
R0
+ · · ·
]
. (49)
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The components of the stress- energy tensor is given by Sqq = λ/4pi and S
θ
θ =
Sφφ = (κ + λ)/8pi. Quite noticably, the values of the energy momentum tensors
are markedly different from those obtained in [24]. The values differ by quantities
which are proportional to the ratio (∆/R0), and hence by choosing the value of
this ratio judiciously, it can be easily seen that the energy momentum tensor can
be made to vanish. Hence, one may match the two spacetimes smoothly across a
spacelike hypersurface.
4 Junction conditions for null hypersurfaces
Let us consider a null hypersurface that partitions the 4- dimensional spacetime into
two regions
[M+, g+µν(x+)] and [M−, g−µν(x−)], which we shall conveniently call as
the future and the past respectively. Let us denote the coordinates of the spacetime
as xα, α = 0, 1, 2, 3, whereas the coordinates on either side of the hypersurface will
be denoted by ya, a = 1, 2, 3, which will mean the collective coordinates (λ, θA),
where θA, A = (2, 3) denotes the variables on the two- dimensional cross- sections
of the hypersurface. On each side of the hypersurface, one may construct the
tangents to the generators of the null hypersurface (`α) and the transverse spacelike
vectors (eαA), which are tangents to the cross-sections (taken to be compact) of the
hypersurface. These vectors shall be denoted by:
lα = eαλ =
(
∂xα
∂λ
)
θA
; eαA =
(
∂xα
∂θA
)
λ
, (50)
with the following properties: `α`α = 0, `αe
α
A = 0. These vectors may be con-
structed for both sides of the null hypersurface. Further, on each side, the basis
needs four vectors and the fourth vector, will be taken to be a null vector. It will
be denoted by nα with the following properties: `αnα = −1, nαnα = 0, nαeαA = 0.
The typical situation with a null surface is that the usual extrinsic curvature,
Kab = (1/2) (£` gαβ) e
α
a e
β
b , corresponding to the normal to the hypersurface is
continuous, since the normal is also the tangent `α. So, one usually defines the
transverse component of the extrinsic curvature corresponding to the null vector
field normal to the transverse cross- sections of the hypersurface. This vector
is na, such that `.n = −1. The transverse extrinsic curvature may be defined
as Cab = (1/2) (£n gαβ) e
α
a e
β
b . The stress- energy tensor of the shell is given by:
Sαβ = µ `α`β + p σAB eαA e
β
B, where µ = (−1/8pi)σAB[CAB] is the shell’s surface
density and p = (−1/8pi)[Cλλ] is the surface pressure.
4.1 Null Charged Shell Collapsing on a Charged Black Hole
Let us consider a spherically symmetric charged black hole of mass M and charge
Q on which a null charged shell of mass E and charge q collapses. Outside the
shell, the spacetime outside the total configuration may be viewed as a spherically
symmetric Reissner- Nordstrom type geometry with mass (M + E) and charge
(Q+ q). As before, the spacetimes outside and inside the shell shall be denoted by
13
+ and − respectively.
ds2 = −f±(r) + dv2 + 2dvdr + r2dΩ2 (51)
f+(r) = 1− 2(M + E)
r
+
(Q+ q)2
r2
(52)
f−(r) = 1− 2M
r
+
Q2
r2
. (53)
The coordinates of the spacetime is given by xα = (v, r, θ, φ). The surface of the
shell is given by v = v0 with coordinates of the shell being y
a = (r, θ, φ). The vector
fields are given by eαr ∂α ≡ `α = −(∂/∂r)α, eαθ ∂α = (∂/∂θ)α, eαφ∂α = (∂/∂φ)α. Note
that the vector `α is the generator of the null surface. The transverse null vector
required to complete the basis is nα = {f±(r)/2} (∂/∂r)α.
The metric is continuous across the shell. Let us check that the extrinsic cur-
vature of the null surface corresponding to the null normal `α is also continuous on
either side of the surface. This is always true for the non- fractional case and pre-
cisely for this reason, the concept of the transverse curvatures have been introduced.
We show that for the fractional case too, the extrinsic curvatures corresponding to
the null normal of the surface is continuous. For the interior solution, we get that
`−α = (0, 1, 0, 0) and hence, the components of the fractional extrinsic curvature
on the cross- sections are: qK−AB = (1/2)
q£` gAB. Using the formulae from the
appendix, equation (86), we get
qK−θθ = R0
[
1− 1− q
2− q
∆
R0
+ · · ·
]
qK−φφ = R0 sin
2 θ
[
1− 1− q
2− q
∆
R0
+ · · ·
]
These two equations may be combined to the following form:
qK−AB = R
2
0
[
1− 1− q
2− q
∆
R0
+ · · ·
]
σAB (54)
For the exterior solution too, the null normal is given by `+α = (0, 1, 0, 0) and the
extrinsic curvature corresponding to this null normal is qK+AB =
1
2
q£`(gAB) is given
by:
qK+AB = R
2
0
[
1− 1− q
2− q
∆
R0
+ · · ·
]
σAB (55)
This implies that the extrinsic curvatures are also continuous qK+AB =
q K−AB.
The transverse extrinsic curvature is not continuous for this metric. The ex-
pression for qC+θθ is given by
qC+θθ = (1/2)
[
nrDqr−∆,r(gθθ)
]
= f+(r)R0
[
1− 1− q
2− q
∆
R0
+ · · ·
]
(56)
Similarly for qC+φφ, we get:
qC+φφ = f+(r)R0 sin
2 θ
[
1− 1− q
2− q
∆
R0
+ · · ·
]
. (57)
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So these two expressions may be combined to give:
qC+AB =
f+(r)
R0
[
1− 1− q
2− q
∆
R0
+ · · ·
]
σAB, (58)
where σAB = R
2
0 + R
2
0 sin
2 θ. Similarly, for the interior spacetime, the transverse
component of the extrinsic curvature is given by:
qC−AB =
f−(r)
R0
[
1− 1− q
2− q
∆
R0
+ · · ·
]
σAB (59)
These equations immediately imply that the shell’s surface pressure is zero for this
case. The shell’s surface density is
µ = − 1
4piR
(2Qq + q2
R2
− 2E
R
)[
1− 1− q
2− q
∆
R
+ · · ·
]
. (60)
This relation clearly implies that to satisfy the weak energy condition, we must
have
2E ≥ 2Qq + q
2
M +
√
M2 −Q2 . (61)
As a simple application, let us study if the charged black hole may be overcharged,
so that the total charge (Q+q) exceed the total mass (M+E). It is a simple matter
to check that the condition for overcharging violates the weak energy condition.
So, even in the fractional modification, a charged black hole cannot be overcharged.
4.2 Matching Schwarschild and de-Sitter spacetimes across
horizons
Let’s start with a general form of the metric and then we shall specialize to the
individual cases. The general form for a spherical symmetric metric in the advanced
Eddington -Finkelstein coordinates is given by:
ds2 = −f(r) dv2 + 2dv dr + r2 dΩ2. (62)
The coordinates of the spacetime is given by xα = (v, r, θ, φ). Let us assume a
null hypersurface (a shell) given by r = r0 with coordinates of the shell being
ya = (v, θ, φ). The null surface is foliated by compact surface S2. The vector
fields tangent to the sphere are given by, eαθ = (∂/∂θ)
α eαφ = (∂/∂φ)
α. Let us
now determine the set of null vectors tangent to the null surface which is given by
the relation f(r0) = 0. The generator of the null surface is `
α = (∂/∂v)α and the
transverse null vector is nα = −(∂/∂r)α.
Let us consider the interior metric (M−) to be the de- Sitter spacetime:
ds2− = −
[
1−
(r
l
)2]
dv2 + 2dvdr + r2dΩ2. (63)
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As usual, the standard extrinsic curvatures associated to the null normals of the
are continuous and hence let us calculate the transverse extrinsic curvatures qC−θθ
and qC−φφ:
qC−θθ = R0
[
1− 1− q
2− q
∆
R0
+ · · ·
]
,
and similarly for qC+φφ , we get
qC−φφ = R0 sin
2 θ
[
1− 1− q
2− q
∆
R0
+ · · ·
]
.
So combining them together, we get:
qC−AB =
1
R0
[
1− 1− q
2− q
∆
R0
+ · · ·
]
σAB, (64)
where σAB = R
2
0 +R
2
0 sin
2 θ. The quantity qC−vv gives:
qC−vv =
1
a2
R0
[
1− 1− q
2− q
∆
R0
+ · · ·
]
. (65)
The exterior spacetime is taken to be the Schwarzschild spacetime (M+), with
the metric
ds2− = −
(
1− 2m/r
)
dv2 + 2dvdr + r2dΩ2 (66)
Again, the co-ordinate on null shell are (v, θ, φ). Let us calculate transverse curva-
tures. Just as in the previous case, the result is
qC+AB =
1
R0
[
1− 1− q
2− q
∆
R0
+ · · ·
]
σAB. (67)
The qC+vv is given by:
qC+vv = −m
1
R20
[
1 + 2
1− q
2− q
∆
R0
+ · · ·
]
. (68)
Let us calculate the quantities associated with the shell. The surface density µ = 0.
The pressure is given by:
p =
−1
8pi
[(R0
l2
+
m
R20
)
−
(R0
l2
− 2m
R20
)1− q
2− q
∆
R0
+ · · ·
]
. (69)
So, if the matching surface is the horizon, R0 = 2m = l and hence the pressure
must by non vanishing. However, in the fractional modification, we may choose
the ∆/R0 judiciously to get a smooth matching of the two spacetimes.
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Figure 2: The Barrabes- Israel model in which the inner horizon of the non -
extremal Reissner- Nordstrom black hole is joined to a de Sitter world in the in-
terior. The null surface ∆ represents the matching hypersurface joining the two
spacetimes. The I+, I− and i0 represent the future null, past null and the spatial
infinities.
4.3 Matching the Reissner- Nordstrom and the de-Sitter
spacetimes
Let us determine the criteria for matching the Reissner- Nordstrom spacetime and
the de- Sitter spacetimes on the inner horizon of the non- extremal charged black
hole. Interestingly the matching is to be carried out on the inner horizon as was
firts proposed in [23]. The Penrose diagram is given in fig 2.
.
The external spacetime is the Reissner- Nordstrom spacetime (M+) with the
following metric:
ds2− = −
(
1− 2m
r
+
Q2
r2
)
dv2 + 2dvdr + r2dΩ2. (70)
The co-ordinates on null shell are (v, θ, φ) and R0 = m−
√
m2 −Q2. The transverse
extrinsic curvatures qC+θθ and
qC+φφ may be written as
qC+AB =
1
R0
[
1− 1− q
2− q
∆
R0
+ · · ·
]
σAB. (71)
qC+vv =
[(
Q2
R30
− m
R20
)
− 1− q
2− q
∆
R0
(
2m
R20
− 3Q
2
R3
)
+ · · ·
]
. (72)
The interior spacetime is the de- Sitter spacetime with matching at R0 = l. The
curvatures have already been found out in the previous subsection. The properties
of the shell may be immediately obtained. The surface density µ = 0 but the
pressure is
p =
−1
8pi
[(
R0
l2
+
m
R20
− Q
2
R30
)
−
(
R0
l2
− 2m
R20
+
3Q2
R20
)
1− q
2− q
∆
R0
+ · · ·
]
. (73)
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So, again, in the standard case, when (∆/R0) = 0 the spacetimes matching re-
quires a shell which shall hold this pressure and hence the matching is not smooth.
Incidentally, in [23], the authors noted that for special case like 3l2 = Q2, there is
a smooth matching of the two spacetimes. This matching is a special case. The
fractional generalisation however, shows that it is possible to adjust the parameter
(∆/R0) to get a vanishing pressure and hence, a smooth matching of the spacetimes
on the hypersurface.
5 Discussions
In this paper, we have developed the fractional generalisation of the Israel- Darmois-
Lanczos junction conditions for spacelike/timelike as well as for null hypersurfaces.
We have observed that there is a significant modifications due to the fractional
generalisation. First, due to the definition of the fractional differentiation through
an integral, it automatically incorporates the non- local spacetime correlations into
itself. As a manifestation of this, the thickness of the shell gets incorporated into
to the values of the shell’s properties like the energy and pressure. We have taken
several examples and have demonstrated that by choosing this thickness parameter
∆/R0 judiciously, it is possible to join many spactimes smoothly across spacelike
timelike or null hypersurfaces.
A point of crucial importance is that must be mentioned here is that the di-
mension of the spacetime has been taken to be integral. Fractal dimensions may
also be possibly included. In fact, general relativity may also be suitably adapted
for fractal spacetimes, which would also require revising our notions of coordinate
transformations and covariance. However, we have not attempted this path, of
altering the theory of general relativity to recast it for all spacetime dimensions,
integral or non- integral. Instead, we have looked for alternate avenues by generalis-
ing the notion of Lie- derivative which is initrinsically attached to the differentiable
structure of the spacetime [26]. Unlike the usual Levi-Civita connection, there is
no requirement of the metric and hence the Lie derivative is much primitive and
turns out to be most useful. This generalisation has been used to construct the
extrinsic curvatures and hence the surface properties of the shell. In the appendix,
we have developed the reasons as to why we should expect that there should be
some modification in the dynamics as well. We show that the Einstein equations
modify significantly. The ramifications of these issues shall be dealt with in future
papers.
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6 Appendix
6.1 Fractional derivative
The Riemann- Liouville definition of fractional calculus is usually given in the form
of a integral transform of a specialised type, as given below [1, 2, 3]:
D−νx f(x) =
1
Γ(ν)
∫ x
a
(x− y)ν−1f(y) dy, (74)
where ν > 0. This definition is the foundation of the theory of fractional differenti-
ation (and integration), but breaks down at the integral points, ν = 0,−1,−2, · · · .
At those points the integration may however be replaced by the ordinary integration
formula.
The Caputo derivative is a modification of the Riemann- Liouville derivative
where suitable modification have been applied so that it satisfies all the rules of a
derivative. The Caputo derivative is defined as follows [1, 2, 3]:
Dqxf(x) =
1
Γ(1− q)
∫ x
a
(x− y)−q ∂f(y)
∂y
dy, (75)
where the superscript q denotes the fractional parameter, 0 < q ≤ 1. To take into
account of the tensor indices, a further modification is added in [26] as follows:
Dqx,k(x′ i) =
Γ(2− q)
Γ(1− q)(∆)1−q
∫ x′
x
∂yi
∂yk
(x′ − y)−qdy. (76)
For example, if the integration of the metric variable gij(r) is to be carried out
from one end of the shell (of thickness ∆) to the other, the above definition gives:
Dqr−∆,r(gij) =
Γ(2− q)
Γ(1− q)(∆)1−q
∫ r
r−∆
∂gij(w)
∂w
(r − w)−qdw, (77)
where the integration limits have been chosen appropriately. This definition has
been utilised in this paper.
6.2 Beta Function and relation to the Hypergeometric func-
tions
In the paper, we have frequently made use of the Beta function, defined as:
Bx(a, b) =
∫ 1
0
ta−1(1− t)b−1dt, (78)
where a > 0, b > 0. In general, we may also write it as
Bx(a, b) = x
a
(
1
a
+
1− b
1 + a
x+ · · ·
)
, (79)
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and hence the above equation implies naturally that:
B ∆
R0
(1− q, 2) =
(
∆
R0
)1−q
1
1− q
[
1− 1− q
2− q
∆
R0
+ · · ·
]
. (80)
If, (∆/R) 6= 1, we may also use the relation between Beta function and Hypergeo-
metric function:
Bx(a, b) = (x
a/a) 2F1(a, b, c;x) = (x
a/a) 2F1(a, b− 1, a+ 1;x), (81)
where
2F1(a, b, c;x) = 1 +
ab
c
x+
a(a+ 1)b(b+ 1)
c(c+ 1)
x2
1
+ · · · . (82)
This gives the following two useful forms:
B ∆
R0
(1− q,−1) = (∆/R0)
1−q
1− q
[
1 + 2
1− q
2− q
∆
R0
+ 6
1− q
3− q
( ∆
R0
)2
+ · · ·
]
(83)
B ∆
R0
(1− q,−2) = (∆/R0)
1−q
1− q
[
1 + 3
1− q
2− q
∆
R0
+ 12
1− q
3− q
( ∆
R0
)2
+ · · ·
]
. (84)
These equations have been used below to derive the results used in the main text.
Let us first evaluate Dqr−∆,r(r2). Using eqn. (77), we get:
Dqr−∆,r(r2) =
2 Γ(2− q)
Γ(1− q)(∆)1−q
∫ r
r−∆
w(r − w)−qdw, (85)
where the integration limit is chosen to take the thickness of the hypersurface into
account. Using the change of variables, r−w = t, the limit also changes from r−∆
to ∆ and r to 0. This gives us:
Dqr−∆,r(r2) =
2Γ(2− q)
Γ(1− q)∆1−q
∫ ∆
0
(r − t)t−qdt. (86)
Again, make a change of variables t/r = y and also put r = R0 as we match on the
hypersurface placed at r = R0.
Dqr−∆,r(r2) =
2 Γ(2− q)
Γ(1− q)∆1−qR
2−q
0
∫ ∆
R0
0
(1− y)y−qdy (87)
=
2 Γ(2− q)
Γ(1− q)∆1−qR
2−q
0 B ∆
R0
(1− q, 2). (88)
Using the form of eqn. (80) and property of Gamma function (1 − q)Γ(1 − q) =
Γ(2− q), we get,
Dqr−∆,r(r2) = 2R0
[
1− 1− q
2− q
∆
R0
+ · · ·
]
. (89)
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For Dqr−∆,r(r−1), a similar calculation yields the following result:
Dqr−∆,r(r−1) =
Γ(2− q)
Γ(1− q)∆1−qR
−1−q
0
∫ ∆
R0
0
(1− y)−2y−qdy, (90)
= − Γ(2− q)
Γ(1− q)∆1−qR
−1−q
0 B ∆
R0
(1− q,−1). (91)
Using eqn. (83) and property of Gamma function i.e (1− q)Γ(1− q) = Γ(2− q) we
get:
Dqr−∆,r(r−1) = −
1
R20
[
1 + 2
1− q
2− q
∆
R0
+ · · ·
]
. (92)
The computation for Dqr−∆,r(r−2) proceeds along similar lines and gives:
Dqr−∆,r(r−2) =
−2 Γ(2− q)
Γ(1− q)∆1−qR
−2−q
0
∫ ∆
R0
0
(1− y)−3y−qdy (93)
=
−2 Γ(2− q)
Γ(1− q)∆1−qR
−2−q
0 B ∆
R0
(1− q,−2), (94)
which using the equation (84) and (1− q)Γ(1− q) = Γ(2− q) gives us:
Dqr−∆,r(r−2) = −
2
R30
[
1 + 3
1− q
2− q
∆
R0
+ · · ·
]
. (95)
6.3 Modification of the Einstein equations
The fractional derivative leads to a modification of the partial derivative. From
the previous sections, we note that the Caputo derivative modifies the derivative
through a factor (1− q)∆/R0. Let us use this form to write for any function g, a
modification of the derivative operator as:
Dg = ∂g
[
1± β(1− q) ∆
R0
± · · ·
]
(96)
here β is some constant, and q denotes the fractional parameter. Using this def-
inition of the derivative, the relation between new Christoffel symbol (for non-
Levi-Civita connection) and old Christoffel symbol (for Levi-Civita connection)
becomes :
Γ˜αβγ = Γ
α
βγ ± α˜(1− q)
∆
R0
+ · · · (97)
where α˜ is some constant. This gives a relation between old Riemann tensor and
new Riemann tensor. The usual definition
Rαβγδ = ∂γΓ
α
βδ − ∂δΓαβγ + ΓνβδΓανγ − ΓνβγΓανδ (98)
is modified to a new definition
R˜αβγδ = DγΓ˜αβδ −DδΓ˜αβγ + Γ˜νβδΓ˜ανγ − Γ˜νβγΓ˜ανδ. (99)
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The relation between the two Riemann tensors is given by:
R˜αβγδ = R
α
βγδ ± (1− q)
∆
R0
[µ]± · · · (100)
where µ =
[
β∂γΓ
α
βδ + ∂γα˜− β∂δΓαβγ − ∂δα˜± α˜(Γνβδ ± Γανγ ∓ Γνβγ ∓ Γανδ)
]
. The Ricci
tensor is
R˜αβ = Rαβ ± (1− q) ∆
R0
[η]± · · · (101)
Similarly Ricci scaler is :
R˜ = R± (1− q) ∆
R0
[τ ]± · · · (102)
where η and τ are some constants. The Einstein field equations get modified as
well:
R˜αβ − 1
2
gαβR˜ = 8piGTαβ ± (1− q) ∆
R0
[
η − τ 1
2
gαβ
]
± · · · . (103)
So, the dynamics of the gravitational fields get modified for the fractional general-
isation.
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